Abstract. In this short note, we answer a question raised by M. Papikian on a universal upper bound for the degree of the extension of K∞ given by adjoining the periods of a Drinfeld module of rank 2. We show that contrary to the rank 1 case such a universal upper bound does not exist, and the proof generalises to higher rank. Moreover, we give an upper and lower bound for the extension degree depending on the valuations of the defining coefficients of the Drinfeld module. In particular, the lower bound shows the non-existence of a universal upper bound.
Introduction
Let K = F q (θ) be the rational function field over the finite field F q with q elements. A Drinfeld module over K of rank r ≥ 1 (and of generic characteristic) is given by a homomorphism of F q -algebras φ : F q [θ] → K{τ }, θ → φ θ = θ + a 1 τ + . . . + a r τ r for some a 1 , . . . , a r ∈ K, a r = 0, where K{τ } is the skew polynomial ring of F q -linear maps K → K. More precisely, τ : K → K is the q-power Frobenius map on K, and Let K ∞ denote the algebraic closure of K ∞ = F q (( 1 θ )), the completion of K at the infinite place. Attached to φ is the so called exponential function exp φ : K ∞ → K ∞ , x → ∞ i=0 α i x q i which is the unique F q -linear map satisfying exp φ (a · x) = φ a (exp φ (x)) for all a ∈ F q [θ] and x ∈ K ∞ , as well as ∂ ∂x exp φ = id K∞ (i.e. α 0 = 1).
It is well known that exp φ is surjective, and that its kernel Λ φ is a discrete F q [θ]-submodule of K ∞ -called the period lattice of φ -and its rank equals the rank r of the Drinfeld module, i.e. the degree in τ of φ θ . Hence, one has an isomorphism of F q [θ]-modules K ∞ /Λ φ → K ∞ with the scalar action on the quotient K ∞ /Λ φ , and the action via φ on the domain K ∞ .
1 We will only provide those properties of Drinfeld modules that we will use in this note. For more details on Drinfeld modules we refer the reader to the standard text books, e.g. [Gos96] , or [Tha04] .
Drinfeld's uniformization theorem over K ∞ states that φ ↔ Λ φ provides a bijective correspondence between Drinfeld modules over K ∞ and discrete finitely generated F q [θ]-submodules of K ∞ , which explains one aspect why Drinfeld modules are considered as analogues of elliptic curves. For further analogies, we refer the reader to [BP] .
Assume now, we are given a Drinfeld module φ over K of rank r, and let the lattice Λ φ be generated by z 1 , . . . , z r ∈ K ∞ . Then K ∞ (z 1 , . . . , z r )/K ∞ is a finite extension. There are several questions on those extensions K ∞ (z 1 , . . . , z r )/K ∞ that naturally occur:
(1) Is there an upper bound on the degree [K ∞ (z 1 , . . . , z r ) : However, it is easy to construct Drinfeld modules of increasing rank, where even the constant field extensions get arbitrarily large (see Example 2.2). So questions (3) and (1) have a negative answer.
The questions that we were asked by M. Papikian, were therefore questions (2) and (4).
For rank r = 1,
is bounded by (q − 1). Namely, in this case, the extension K ∞ (z) equals K ∞ (e 0 ) where e 0 = 0 is a θ-torsion element of φ, i.e. satisfies φ θ (e 0 ) = 0, and the equation e −1 0 φ θ (e 0 ) = 0 provides a polynomial relation for e 0 over K of degree q − 1. So question (2) and (4) have a positive answer for r = 1.
The main result of this note is that question (2) has a negative answer for r = 2, and the proof easily generalizes to higher rank. In the considered rank 2, however, we give more precise bounds on the extension depending on the valuations at infinity of the coefficients a 1 and a 2 (where as above φ θ = θ + a 1 τ +a 2 τ 2 ). In Theorem 3.1, we do not only give a lower bound for the extension which answers question (2) in the negative (additional statement in part b)), but also give upper bounds which might be useful for computational aspects.
This still leaves open the answer to question (4), and unfortunately, we are not able to solve it. A positive answer to question (4) would even be more interesting, since it would imply that the moduli space of Drinfeld modules over K of rank r is geometric over some finite extension of F q .
Notation
Let K = F q (θ) be the rational function field over the finite field F q with q elements, and A = F q [θ] the polynomial ring inside K. Let K ∞ = F q (( 1 θ )) be the completion of K at the infinite place, and K ∞ an algebraic closure of K ∞ .
On K ∞ we take the ∞-adic valuation v : K ∞ → Z ∪ {∞} given by v(θ) = −1, and extend it to a Q-valued valuation on the algebraic closure K ∞ . The reader should have in mind the associated absolute value |·| given by |x| = q −v(x) for all x ∈ K ∞ , when we speak of "convergent series", "small neighbourhoods" etc. However, we will not explicitly use |·|, but only the valuation v.
As in the introduction, τ : K ∞ → K ∞ denotes the q-power Frobenius, and
with a 1 , . . . , a r ∈ K, a r = 0, a Drinfeld module over K of rank r. The associated exponential map is denoted by exp φ , and the period lattice by Λ φ . The exponential map exp φ has a local inverse log φ , i.e. there is some neighbourhood B ⊆ K ∞ of 0, and a map log φ : B → K ∞ such that exp φ • log φ = id B . Both exp φ , and log φ have power series expansions around 0 with coefficients in K, the one for exp φ converging on all of K ∞ , the one for log φ converging on B.
For a ∈ A, let the a-torsion points of φ be denoted by
This is a free A/(a)-module of rank r, and hence an F q -vector space of dimension r · deg(a). Later we will only consider θ-powers, i.e. a = θ n+1 for n ≥ 0, and mention already that for n ≥ 1,
where e n,1 , . . . , e n,r are any elements in φ[θ n+1 ] that are linearly independent over φ[θ n ].
For getting the bounds mentioned in the introduction, we first state a connection between the lattice Λ φ and the θ-power torsion. As we couldn't find a reference for this connection, we also give its proof.
Proposition 2.1. For any Drinfeld module φ defined over K with period lattice Λ φ , one has
Sketch of proof. The exponential exp φ : K ∞ → K ∞ and its local inverse log φ : B ⊂ K ∞ → K ∞ are given by power series with K-coefficients. Since finite extensions of K ∞ are still complete, for any x ∈ K ∞ one has exp φ (x) ∈ K ∞ (x), and for all y ∈ B ⊂ K ∞ one has log φ (y) ∈ K ∞ (y). As exp φ is surjective, every θ n -torsion element e is given as e = exp φ θ −n λ for some λ ∈ Λ φ . Hence, we immediately obtain:
On the other hand, for every λ ∈ Λ φ , there is some n ∈ N such that e := exp φ θ −n λ lies in the radius of convergence B of log φ , and we get λ as
showing the reverse inclusion.
Example 2.2. Using the previous proposition, it is easy to construct Drinfeld modules where the extension in question has arbitrary large degree, and even the extension of constants is arbitrarily large. Namely for any r ≥ 1, take φ θ = θ − θτ r . Then θ-torsion is given by the roots of φ θ (X) = θX − θX q r = −θ(X q r − X). These are just the elements of the field F q r , and hence also the extensions in question contain F q r , and the extension degree is at least r.
Bounds on the extension by lattice points
Proposition 2.1 allows us to study the field extension generated by the θ-power torsion points, instead of working with the lattice directly.
For studying the torsion extensions, we intensively use the Newton polygons for the defining equation of a θ i+1 -torsion point e i given by φ θ (e i ) = e i−1 . Here e i−1 is a previously "determined" θ i -torsion point. Furthermore, using the description (1), we see that the extension by all θ-power torsion is determined by a basis of θ-torsion and one convergent division tower for each basis element e 0 , i.e. a sequence (e i ) i≥1 with φ θ (e i ) = e i−1 and lim i→∞ v(e i ) = ∞. Another reasoning for the latter is that such a basis of θ-torsion with converging division towers uniquely determines a basis of the lattice (see e.g. [HJ09, Thm. 5.17]).
and
Proof. The non-zero elements of θ-torsion are the roots of the polynomial φ θ (X)/X = a 2 X q 2 −1 + a 1 X q−1 + θ. The line through the points (0, v(θ)) = (0, −1) and (q 2 − 1, v(a 2 )) is given by the equation
In case a), the point (q − 1, v(a 1 )) lies above (or on) this line, hence the Newton polygon of the polynomial has exactly one segment, and this is of length q 2 − 1 and slope
. Hence, each non-zero torsion element e 0 has valuation v(e 0 ) = − v(a 2 ) + 1 q 2 − 1 .
Figure 1. Situation a): Newton polygons for φ θ (X)/X and φ θ (X) − e 0 .
For computing a θ 2 -torsion element above such an e 0 , we have to consider the defining equation φ θ (X) − e 0 = a 2 X q 2 + a 1 X q + θX − e 0 . Again the point (q, v(a 1 )) lies above (or on) the line through (1, v(θ)) = (1, −1) and (q 2 , v(a 2 )) which is given by the equation
· (x − 1). The segment through the points (0, v(e 0 )) and (1, −1) has slope −1 − v(e 0 ), and therefore, its slope is smaller than the slope of the other segment which is v(a 2 )+1 q 2 −1 = −v(e 0 ) (see Figure 1 ). Hence, both segments are sides of the Newton polygon, and in particular there is a segment of length 1 and slope −1 − v(e 0 ). Hence there is a root e 1 in K ∞ (e 0 ) which satisfies v(e 1 ) = 1 + v(e 0 ).
Inductively, one then sees that for
, the defining polynomial a 2 X q 2 + a 1 X q + θX − e i−1 for the θ i+1 -torsion elements lying above e i−1 has a segment of length 1 and slope −1 − v(e i−1 ), namely the one through the points (0, v(e i−1 )) and (1, −1). This implies that there is a root e i in K ∞ (e i−1 ) satisfying v(e i ) = 1 + v(e i−1 ). Hence, indeed
) for all n ≥ 1, and so
is the splitting field of the (separable) polynomial φ θ (X), it is a Galois extension of K ∞ . As the roots of φ θ (X) form an F q -vector space of dimension 2, the Galois group is a subgroup of GL 2 (F q ), and we obtain the claim by recognizing that # GL 2 (F q ) = (q 2 − 1) · (q 2 − q).
(0, −1)
Figure 2. Situation b): Newton polygons for φ θ (X)/X, and for φ θ (X) − e 0 in the first case.
In case b), the Newton polygon for the polynomial a 2 X q 2 −1 + a 1 X q−1 + θ for the θ-torsion has two segments, since the point (q − 1, v(a 1 )) lies below the line through (0, v(θ)) = (0, −1) and (q 2 − 1, v(a 2 )). One segment is of length q − 1 and slope v(a 1 )+1 q−1 , and the other of length q 2 − q and slope v(a 2 )−v(a 1 ) q 2 −q (see Figure 2) .
For e 0 a θ-torsion point with v(e 0 ) = − v(a 1 )+1
q−1 , as in case a) one obtains a converging division tower e 1 , e 2 , . . . with e i ∈ K ∞ (e 0 ), and v(e i ) = v(e i−1 ) + 1 (comp. Figure 2) . Now, consider a θ-torsion point e 0 with v(e 0 ) = −
q(q−1) . For computing a θ 2 -torsion element above such an e 0 , we again have to consider the defining equation a 2 X q 2 + a 1 X q + θX − e 0 , and its Newton polygon determined by the four points (0, v(e 0 )), (1, −1), (q, v(a 1 )) and (q 2 , v(a 2 )) (see Figure 3) . The first two points lie above the line through the last two points, hence one segment of the Newton polygon is the one through the latter points. If (0, v(e 0 )) lies below (or on) the line through (1, −1) and (q, v(a 1 )), we obtain the segment through (0, v(e 0 )) and (q, v(a 1 )) as a side of the Newton polygon (as in Figure 3) . In this case, we obtain a θ 2 -torsion point e 1 above e 0 of valuation Figure 3) . This continues inductively for e i (i ≥ 2), as long as the point (0, v(e i−1 )) is below or on the line through (1, −1) and (q, v(a 1 )), and we obtain in this case 
